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Abstract

This work presents a collection of problems spanning four interconnected areas
of modern probability theory, random matrix theory, and dynamical systems.
Section 1 develops the foundational integration theory on Hermitian matrices
and Gaussian ensembles, including explicit computations of Gaussian integrals
and the construction of the Gaussian Unitary Ensemble (GUE). Section 2
explores the combinatorial structure of Catalan numbers through random walks,
generating functions, and their appearance as moments of the Wigner semicircle
law, culminating in Wigner’s theorem via the method of moments. Section 3
establishes ergodic-theoretic results on tori, including Fourier-analytic proofs of
ergodicity for skew products, strict ergodicity of irrational rotations, and Weyl’s
equidistribution theorem for polynomial sequences. Section 4 introduces interval
exchange transformations (IETs), Rauzy induction, and the Gauss map, developing
the renormalization theory of IETs and connecting it to continued fractions and
the natural invariant measure on the parameter space.

The problems are designed to highlight deep unifying themes: the
role of non-crossing combinatorial structures in both random matrix theory
and renormalization dynamics, the interplay between weak convergence and
approximation by periodic and geometric objects, the emergence of unique invariant
measures through ergodic theorems, and the universality of scaling laws in both
spectral statistics and dynamical systems. Each section progresses from concrete
computations to abstract structural results, providing a theoretical survey of these
interconnected fields.
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1 Section 1: Random Matrix Theory and Gaussian

Integrals

1.1 Problem 1.1

Let R = R ∪ {−∞,+∞}, k ∈ N, and u > 0. Prove existence and uniqueness of each
integral and compute where feasible:

(a)

∫
R
e−x2/u dx

(b)

∫ b

−a

e−x2/u dx, with a, b > 0

(c) (2ku)1/2
∫ ∞

0

t(k−1)/2e−t dt

(d)

∫
R
xke−x2/u dx

1.2 Problem 1.2

Let HN be the real vector space of N ×N Hermitian matrices. With ⟨A,B⟩ = Tr(AB),
show this is an inner product and find dim(HN).

1.3 Problem 1.3

Let dHN be Lebesgue measure on HN . Prove existence and uniqueness of∫
HN

e−Tr(X2) dHN

and compute its value.

1.4 Problem 1.4 (Gaussian Unitary Ensemble)

Given i.i.d. ξjk, ηjk ∼ N(0, 1), define H as:

Hjk =


ξjj, j = k
1√
2
(ξjk + iηjk), j < k

1√
2
(ξjk − iηjk), j > k.

Show H has a density w.r.t. Lebesgue measure dHN on HN , and identify it up to
normalization.

1.5 Problem 1.5

(ξ1, ξ2, ξ3) uniform on S2. Prove marginal of ξ1 exists and find its density on [−1, 1].
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1.6 Problem 1.6

ξ(N) uniform on sphere of radius
√
N in RN+1. Show ξ

(N)
1

d−→ N(0, 1) as N → ∞.

1.7 Problem 1.7

Prove the existence of the N -dimensional volume (Lebesgue measure) of the unit ball
BN = {x ∈ RN : ∥x∥2 ≤ 1} and derive an explicit formula for Vol(BN) in terms of the
Gamma function.

1.8 Problem 1.8

Prove the existence of the (N − 1)-dimensional surface area (Hausdorff measure) of the
unit sphere SN−1 = ∂BN , derive an explicit formula in terms of the Gamma function,
and relate it to Vol(BN).

1.9 Problem 1.9

Let {ϕj}N−1
j=0 and {ψj}N−1

j=0 be two collections of real-valued functions defined on a set
containing points {x1, . . . , xN}. Prove the identity

det

(
N−1∑
k=0

ϕk(xi)ψk(xj)

)N

i,j=1

= det
(
ϕj(xi)

)
i=1,...,N ; j=0,...,N−1

· det
(
ψj(xi)

)
i=1,...,N ; j=0,...,N−1

.

1.10 Problem 1.10

Define SN(x) =
sin(Nx/2)

sin(x/2)
for x /∈ 2πZ, extended continuously where possible. Prove:

∏
1≤j,k≤N

∣∣eixk − eixj
∣∣2 = det

((
SN(xk − xj)

)N
j,k=1

)
,

and relate to Toeplitz determinants and circular ensembles.

2 Section 2: Catalan Numbers, Random Walks,

Generating Functions, Weak Convergence, and

Random Matrix Theory

2.1 Problem 2.1

Recall that the k-th Catalan number is defined by

Ck =
1

k + 1

(
2k

k

)
=

(2k)!

(k + 1)! k!
.

Let µ be the Wigner semicircle distribution on [−2, 2] with density

dµ(x) =
1

2π

√
4− x2 1[−2,2](x) dx.
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Prove that for every k ∈ N0, the even moments of µ satisfy∫ 2

−2

x2k dµ(x) = Ck

while all odd moments vanish.

2.2 Problem 2.2

Consider a simple symmetric Bernoulli random walk {St}Nt=0 on Z with S0 = 0 and
|St+1 − St| = 1 for all t. For even N ≥ 2, let AN be the set of all such walks of length N
satisfying:

(a) SN = 0,

(b) St ≥ 0 for all 0 ≤ t ≤ N .

Using the reflection principle, prove that the cardinality |AN | equals the Catalan
number CN/2.

2.3 Problem 2.3

Let G(z) = 1 +
∑∞

k=1Ckz
k be the ordinary generating function of the Catalan numbers.

Prove that

G(z) =
1−

√
1− 4z

2z

for |z| < 1/4. Deduce the radius of convergence and the asymptotic growth rate of Ck.

2.4 Problem 2.4

Prove that every Borel probability measure µ on R is the weak limit of a sequence of
discrete probability measures, i.e., measures of the form

µn =
mn∑
j=1

pn,jδxn,j

where pn,j ≥ 0,
∑

j pn,j = 1, and each δx is a Dirac mass at x. Use this to argue that the
space of probability measures on R equipped with the weak topology is metrizable and
separable.

2.5 Problem 2.5

[Wigner’s Semicircle Law for GUE] State and prove a version of Wigner’s theorem for the
Gaussian Unitary Ensemble (GUE): show that the empirical spectral distribution of an
N ×N GUE matrix converges weakly (almost surely or in probability) to the semicircle
law as N → ∞. You may use the method of moments and Wick’s formula; emphasize
the combinatorial interpretation in terms of non-crossing pairings.
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2.6 Problem 2.6

Consider the Gaussian Unitary Ensemble for N = 2. Derive the joint probability density
of the eigenvalues (λ1, λ2) with respect to Lebesgue measure on R2. Show that it takes
the form

p(λ1, λ2) = Z−1
2 |λ1 − λ2|2e−(λ2

1+λ2
2)/2,

and compute the normalization constant Z2.

2.7 Problem 2.7

Let U be a 2 × 2 unitary matrix distributed according to Haar measure on the unitary
group U(2). Let the eigenvalues of U be eiθ1 , eiθ2 with θ1, θ2 ∈ [0, 2π). Prove that the
joint density of (θ1, θ2) is given by

p(θ1, θ2) = C|eiθ1 − eiθ2|2

and determine the constant C. Relate this to the Circular Unitary Ensemble (CUE) for
N = 2.

3 Section 3: Ergodic Theory on Tori, Uniform

Distribution, and Polynomial Sequences

3.1 Problem 3.1

Let T2 = R2/Z2 be the 2-torus. Fix an irrational number α ∈ R \ Q. Define the map
F : T2 → T2 by

F (x, y) = (x+ α, y + x) (mod Z2).

Prove that F is ergodic with respect to the normalized Lebesgue (Haar) measure on T2.

3.2 Problem 3.2

Suppose ν is an invariant probability measure for the map F defined in Problem 3.1. For
b ∈ T1, define the vertical shift hb(x, y) = (x, y + b) and set νb(A) = ν(h−1

b (A)).

(a) Show that each νb is also F -invariant.

(b) Let E ⊂ T1 be a measurable set with mes(E) > 0. Define

νE(A) =
1

mes(E)

∫
E

νb(A) db.

Prove that νE is a well-defined F -invariant probability measure.

3.3 Problem 3.3

Assume that ν in Problem 3.2 is the normalized Lebesgue measure on T2. Prove that
νT = νE = LebT2 , i.e., the averaged measure coincides with Lebesgue.
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3.4 Problem 3.4

Using the results above, prove that the map F from Problem 3.1 is strictly ergodic: it is
minimal (every orbit is dense) and has a unique invariant probability measure (which is
Lebesgue).

3.5 Problem 3.5

Let a2 /∈ Q, and consider the sequence xk = {a2k2 + a1k + a0}, where {·} denotes the
fractional part. Prove that (xk)k≥0 is uniformly distributed modulo 1 on [0, 1], i.e., for
every interval I ⊂ [0, 1],

lim
N→∞

#{k ∈ {0, . . . , N − 1} : xk ∈ I}
N

= mes(I).

Use Weyl’s criterion and van der Corput’s difference theorem.

3.6 Problem 3.6

Generalize Problem 3.1 to Tm. Let α /∈ Q and define F : Tm → Tm by

F (x1, . . . , xm) = (x1 + α, x2 + x1, . . . , xm + xm−1) (mod Zm).

Prove that F is ergodic with respect to Haar measure on Tm.

3.7 Problem 3.7

Show that the map F in Problem 3.6 is strictly ergodic on Tm, i.e., it is minimal and has
a unique invariant probability measure.

3.8 Problem 3.8

Let P (k) = amk
m + · · ·+ a1k + a0 with am /∈ Q. Consider xk = {P (k)}. Prove that (xk)

is uniformly distributed modulo 1.

3.9 Problem 3.9

Relax the condition in Problem 3.8: suppose that at least one coefficient aj with j ≥ 1
is irrational. Prove that (xk) with xk = {P (k)} is still uniformly distributed modulo 1.
This is Weyl’s equidistribution theorem for polynomials.

3.10 Problem 3.10

[Direct proof of strict ergodicity for irrational rotation] Let Rα : T → T be the rotation
Rα(x) = x+ α (mod 1) with α /∈ Q.

(a) Prove directly (without appealing to general theorems) that every orbit {Rn
α(x)}n≥0

is dense in T.

(b) Using Fourier analysis, show that the only Rα-invariant functions in L
2(T,Leb) are

constants, and conclude that Rα is ergodic.

(c) Combine the two parts to conclude that Rα is strictly ergodic.
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4 Section 4: Interval Exchange Transformations,

Rauzy Induction, and the Gauss Map

4.1 Problem 4.1

Define an interval exchange transformation (IET) on [0, 1) with N subintervals. Let the
lengths be λ1, . . . , λN > 0 with

∑N
j=1 λj = 1, and let π ∈ SN be a permutation describing

the new order of the intervals after the exchange.

(a) Write the explicit piecewise definition of the IET T : [0, 1) → [0, 1).

(b) Explain how the discontinuities of T are located in terms of the partial sums of the
lengths.

(c) State the Keane condition precisely and explain its role in ensuring minimality of
the dynamics.

4.2 Problem 4.2

Construct the Rauzy graphs for interval exchange transformations (IETs) with N = 2,
N = 3, and N = 4 intervals. For each N , specify:

(a) the set of vertices (combinatorial data encoding the permutation and orientation),

(b) the directed edges (corresponding to left and right Rauzy induction steps),

(c) the adjacency structure of the graph.

Prove that each Rauzy graph is finite and strongly connected for irreducible
permutations. Interpret the edges as renormalization operations that preserve the
minimal dynamics of the IET.

4.3 Problem 4.3

Let T be an IET on [0, 1) with N subintervals of lengths λ1, . . . , λN . State the Keane
condition precisely: it requires that the orbits of the discontinuities under T are infinite
and disjoint, i.e., no forward orbit of a discontinuity point ever hits another discontinuity.

Assuming the Keane condition holds, prove that Rauzy induction can be performed
infinitely often. Show that each induction step yields a new IET with strictly smaller
total length (after rescaling to unit interval), and that the lengths of the subintervals
decrease indefinitely under successive inductions. Conclude that the Keane condition
prevents periodic behavior and ensures self-similarity at arbitrarily small scales.

4.4 Problem 4.4

Consider a 2-segment IET, which is equivalent to a rotation of the circle. Let the segment
lengths be λ1, λ2 > 0 with λ1 + λ2 = 1, and define the ratio x = λ1/λ2.
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(a) Show that one step of Rauzy induction corresponds to the transformation

x 7→ T (x) =

{
1

x

}
=

1

x
−
⌊
1

x

⌋
i.e., the Gauss map. Explicitly describe how the left/right induction choice
corresponds to whether λ1 > λ2 or λ1 < λ2.

(b) Define the sets A = {x ∈ (0, 1) : x < 1} and B = {x > 1}. On A, use coordinate
y = x; on B, use y = 1/x. Show that the first return map to a suitable subinterval
becomes a piecewise fractional linear transformation in the coordinate y, analogous
to the Gauss map. Compute the return time function k(x) and verify that it
coincides with the partial quotient ⌊1/x⌋ in the continued fraction expansion.

4.5 Problem 4.5

Define the Gauss map T : (0, 1] → (0, 1] by T (x) = {1/x}. Prove that there exists a
unique absolutely continuous invariant probability measure for T , given by the Gauss
measure

dµ(x) =
1

ln 2
· dx

1 + x
, x ∈ (0, 1].

You may proceed via the Frobenius–Perron operator: show that the density
f(x) = c/(1 + x) satisfies the invariance equation

f(x) =
∞∑
n=1

f
(

1
n+x

)
(n+ x)2

and determine the normalization constant c so that
∫ 1

0
f(x) dx = 1.

4.6 Problem 4.6

Using the result of Problem 4.5, prove that the Gauss map T is ergodic with respect to
the Gauss measure µ. Use either:

(a) a functional analytic argument (showing that the only T -invariant functions in
L1(µ) are constants), or

(b) a number-theoretic argument based on the mixing properties of continued fraction
digits.

As a consequence, deduce that for any φ ∈ L1(µ),

lim
n→∞

1

n

n−1∑
k=0

φ(T kx) =

∫ 1

0

φdµ for µ-a.e. x.

4.7 Problem 4.7

Relate the dynamics of Rauzy induction on 2-segment IETs to the Gauss map as
established in Problem 4.4. Let ν be the natural invariant measure on the space of
ratios (λ1 : λ2) induced by the Haar measure on the parameter space of IETs. Prove that
ν coincides (up to identification of x = λ1/λ2) with the Gauss measure from Problem 4.5.

Interpret this result as saying that the distribution of segment-length ratios under
repeated Rauzy induction is stationary and given by the Gauss measure.
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4.8 Problem 4.8

State and prove a weak convergence result for IET dynamics analogous to Section 2.4:
show that any IET can be approximated in the weak topology (e.g., in the sense of
convergence of pushforward measures or of return maps) by a sequence of IETs with
rational rotation numbers or periodic behavior.

Conversely, prove that the set of IETs satisfying the Keane condition is generic (of full
measure and residual) in the space of all IETs with fixed combinatorial type. Conclude
that ”typical” IETs are minimal and uniquely ergodic, while periodic examples form a
negligible subset.

4.9 Problem 4.9

For a fixed combinatorial type of IET, consider the sequence of Rauzy induction steps as a
path in the Rauzy graph. Each step corresponds to a substitution matrix M ∈ GL(N,Z)
acting on the length vector λ = (λ1, . . . , λN).

Show that the asymptotic behavior of the lengths under many inductions is governed
by the dominant eigenvalue and eigenvector of the product of these matrices. Use the
Perron–Frobenius theorem to argue that, for typical paths in the Rauzy graph, the length
ratios converge to a limiting projective vector, and the scaling factor is given by the
logarithm of the Perron root.

Relate this to renormalization schemes in dynamical systems and to the emergence of
universal scaling laws.

4.10 Problem 4.10

Synthesize the connections between the topics covered across Sections 1–4, with emphasis
on prior interests:

(a) Moments and combinatorics: Explain how Catalan numbers appear both as
moments of the semicircle law (Section 2) and as counts of Dyck paths (Section
2.2), and note the diagrammatic interpretation via non-crossing pairings and Wick’s
formula.

(b) Limiting distributions and weak convergence: Compare the approximation
of measures by discrete ones (Section 2.4) with the approximation of IET dynamics
by periodic ones (Section 4.8), and contrast the limiting behaviors (semicircle law
vs. Gauss measure).

(c) Ergodicity and unique invariant measures: Draw parallels between the unique
invariant measure for irrational rotations (Section 3.10), the Gauss map (Section
4.6), and the Haar measure on compact groups.

(d) Renormalization and self-similarity: Link the Rauzy induction scheme
(Section 4) to the idea of scaling limits, noting similarities with how random matrix
ensembles exhibit universal local statistics despite different microscopic details.

Write a concise summary (200-300 words) suitable for the introduction or conclusion of
a theoretical expository note, highlighting these unifying themes and indicating possible
research directions (e.g., extending moment methods to IET renormalization, studying
spectral statistics via ergodic averages, etc.).
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4.11 Problem 4.11

Let T be an IET on [0, 1) with N intervals satisfying the Keane condition. Consider the
sequence of Rauzy induction steps, yielding a sequence of induced maps T (k) on nested
subintervals Jk with lengths |Jk| → 0. Let λ(k) ∈ RN

>0 be the unscaled length vectors at
step k, and let Mk ∈ GL(N,Z) be the corresponding substitution matrices.

Define the renormalization cocycle An = Mn−1 · · ·M0. Using the Oseledets
multiplicative ergodic theorem, show that for typical paths in the Rauzy graph
(with respect to the natural invariant measure), there exist Lyapunov exponents
χ1 > χ2 ≥ · · · ≥ χN = 0 such that:

∥Anv∥ ∼ eχin for v in the i-th Oseledets subspace.

Explain why χN = 0 corresponds to the direction of the invariant measure (Lebesgue),
and why the positivity of χ1 reflects the exponential contraction of the domain under
renormalization.

4.12 Problem 4.12

Connect the Lyapunov spectrum of the Rauzy cocycle to the spectral statistics of
random matrix ensembles, in the spirit of earlier work on moments and Wick’s formula.

Specifically, suppose we define a ”local statistic” for an IET by looking at the
distribution of return times k(x) over a small subinterval J , analogous to local eigenvalue
spacings in random matrices. Show that under renormalization, the fluctuations of these
return times are controlled by the subleading Lyapunov exponents χ2, . . . , χN−1, and
argue that this leads to universal scaling behavior for typical IETs, similar to the
universality of local spectral statistics in Wigner-type ensembles.

4.13 Problem 4.13

Given the interest in combinatorial structure and diagrammatic interpretations (from
earlier sections), write a concise LaTeX snippet suitable for inclusion in a self-contained
pedagogical and expository note, which:

• defines the Rauzy graph for N = 3 as a directed graph

• displays the two vertices and their transitions

• includes a small diagram (using tikz) showing the left/right Rauzy moves as edges

• and, adds a caption explaining that the graph is strongly connected and finite.

4.14 Problem 4.14

Return to earlier interest in moments of Gaussian vectors and Wick’s formula.
Construct an analogy between:

• the diagrammatic expansion of Gaussian moments via non-crossing pairings,
and

• the combinatorial expansion of return times in IETs via Rauzy paths.
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Explain how both involve a sum over combinatorial objects (pairings vs. paths),
weighted by geometric factors (lengths vs. covariance), and how the leading-order
behavior is captured by a ”planar” or ”non-crossing” subclass (non-crossing pairings
for free probability; minimal Rauzy paths for IETs).

4.15 Problem 4.15 (Combinatorics of Rauzy paths and cylinder
sets)

Let RN denote the Rauzy graph for irreducible N -interval IETs (vertices =
irreducible permutations; edges = left/right Rauzy moves). For a finite path
γ = (v0, e0, v1, e1, . . . , en−1, vn) in RN , define the cylinder set Cγ ⊂ ∆N−1 as the set
of length vectors λ ∈ ∆N−1 (with

∑
λi = 1) such that the first n Rauzy induction steps

follow exactly the sequence γ.

1. Show that each cylinder set Cγ is a convex polytope (a ”Rauzy simplex”) defined
by linear inequalities determined by the path γ. Explicitly describe how the
substitution matrix Aγ =Mn−1 · · ·M0 associated to γ encodes these inequalities.

2. Let µ be the natural invariant measure on the space of infinite Rauzy paths (the
Veech–Zorich measure pushed to the simplex). Prove that µ(Cγ) is proportional to
the (N −1)-dimensional volume of Cγ, and relate this volume to the entries of A−1

γ .

3. For N = 3, compute the volumes of the two 1-step cylinders (left vs right move)
explicitly as functions of the initial permutation, and verify that their sum equals
the volume of the full simplex.

4.16 Problem 4.16 (Ergodic averages, cocycles, and variance
growth)

Let T be an IET on [0, 1) with N intervals satisfying the Keane condition. Fix a piecewise
constant observable f : [0, 1) → R with discontinuities only at the interval endpoints.
Consider the ergodic sums

Snf(x) =
n−1∑
k=0

f(T kx).

Using the Rauzy renormalization cocycle An =Mn−1 · · ·M0, show how the growth of the
variance Var(Snf) is controlled by the Lyapunov exponents χ1 > χ2 ≥ · · · ≥ χN = 0.

More precisely:

1. Express the increment of the sum Snf over a return time to a Rauzy subinterval
Jk in terms of a ”induced observable” Fk and the return time function rk(x).

2. Relate the variance growth to the expansion/contraction rates of the cocycle acting
on suitable cohomological data (e.g., a vector encoding the jumps of f across
intervals).

3. Argue that generically (for typical T and typical f), Var(Snf) ≍ n2α for some
α ∈ (0, 1), and identify α in terms of the Lyapunov spectrum. Discuss when the
variance grows linearly (diffusive behavior) versus superlinearly.
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4.17 Problem 4.17 (Combinatorial expansion of return times
and diagrammatic counting)

Return to the return time r(x) for an IET to a small subinterval J . Suppose we expand
r(x) as a sum over ”paths” in the Rauzy graph: each path corresponds to a sequence of
intervals visited before returning to J . Each path ω has:

• a combinatorial weight cω (a product of indicators enforcing the visit sequence),

• a geometric weight gω(λ) (a product of lengths reflecting the probability of following
that path).

1. Write a formal expansion

r(x) =
∑
ω

cω · gω(λ)

and explain how each term corresponds to a specific combinatorial history of visits.

2. Define a ”minimal path” as one that returns to J in the fewest possible steps. Show
that the sum over minimal paths gives the leading-order contribution to E[r] as J
shrinks, analogous to non-crossing diagrams in Gaussian moment expansions.

3. Introduce a diagrammatic notation where:

• vertices represent intervals,

• directed edges represent transitions under T ,

• a path diagram represents a sequence of visits.

Draw (in words) the diagrams for all minimal return paths for N = 3 and a specific
choice of J . Explain how crossing vs non-crossing structures appear in this context.

4. Relate the suppression of non-minimal paths to the contraction rates in the Rauzy
cocycle: argue that their contributions are exponentially smaller in the number of
steps, with rate controlled by the gap χ1 − χ2.

4.18 Problem 4.18 (Combinatorial growth of Rauzy paths and
entropy)

Let RN be the Rauzy graph for N -interval IETs. Let pn(v) denote the number of distinct
paths of length n starting from vertex v. Define the combinatorial entropy of the
Rauzy graph as

hcomb = lim
n→∞

1

n
logmax

v
pn(v)

assuming the limit exists.

1. Show that hcomb equals the logarithm of the spectral radius of the adjacency matrix
A of the Rauzy graph (i.e., the largest eigenvalue of A).

2. For N = 3, compute hcomb explicitly by constructing the adjacency matrix of the
Rauzy graph and finding its largest eigenvalue.
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3. Relate hcomb to the topological entropy of the shift dynamics on infinite Rauzy
paths. Discuss how the natural invariant measure µ selects a subset of paths with
exponential growth rate ≤ hcomb, and how the Lyapunov spectrum refines this
picture by weighting paths according to their geometric significance.

4.19 Problem 4.19 (Cocycles, cohomology, and deviation of
ergodic averages)

Consider again the ergodic sums Snf(x) =
∑n−1

k=0 f(T
kx) for a piecewise constant f

with discontinuities at the interval endpoints. The deviation of ergodic averages is
measured by the growth of Snf − n

∫
f dLeb.

Using the Rauzy cocycle and Oseledets’ theorem, argue that:

1. The deviation Snf−n
∫
f grows like nα for some α ∈ (0, 1), and identify α in terms

of the Lyapunov exponents.

2. The direction in RN corresponding to the function f (via its jumps across intervals)
determines which Oseledets subspace governs the deviation.

3. Explain how this relates to the phenomenon of weak mixing with polynomial
decay of correlations for IETs: the absence of exponential mixing is tied to
the presence of subleading Lyapunov exponents, while the polynomial rate is
determined by their ratios.
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